Existence of incomparable pure bipartite states in infinite dimensional
  systems by Owari, Masaki et al.
ar
X
iv
:q
ua
nt
-p
h/
03
12
09
1v
2 
 2
9 
D
ec
 2
00
3
Existence of incomparable pure bipartite states in infinite dimensional systems
Masaki Owari1,3, Keiji Matsumoto2,3 and Mio Murao1,4
1Department of Physics, The University of Tokyo, Tokyo 113-0033, Japan
2Quantum Computation Group, The National Institute of Information, Tokyo 101-8430, Japan
3Imai Quantum Computation and Information Project, JST, Tokyo 113-0033, Japan
4PRESTO, JST, Kawaguchi, Saitama 332-0012, Japan
(Dated: December 17, 2018)
Based on set theoretic ordering properties, a general formulation for constructing a pair of convert-
ibility monotones, which are generalizations of distillable entanglement and entanglement cost, is
presented. The new pair of monotones do not always coincide for pure bipartite infinite dimensional
states under SLOCC (stochastic local operations and classical communications), demonstrating the
existence of SLOCC incomparable pure bipartite states, a new property of entanglement in infinite
dimensional systems, with no counterpart in the corresponding finite dimensional systems.
PACS numbers: 03.65.Ud, 03.67.-a, 03.67.Mn
Entanglement, or nonlocal quantum correlation, is re-
garded as the key resource which allows many quantum
information processing schemes to out-perform their clas-
sical counterparts. Better understanding of entangle-
ment is essential for the field of quantum information.
Entanglement can be classified by “plasticity” under lo-
cal operations, such as LOCC (deterministic local oper-
ations and classical communications), SLOCC (stochas-
tic LOCC, nondeterministic LOCC) and PPT (positive-
partial-transpose-preserving) operations [1]. Therefore
the convertibility properties of two different entangled
states (in a single copy or multi-copy situation) under
local operations are important for the qualitative and
quantitative understanding of entanglement.
For finite dimensional bipartite systems, we now have a
better understanding of LOCC and SLOCC convertibil-
ity based on intensive work in recent years. For exam-
ple, the condition for convertibility of two pure entangled
states in the single copy situation is given by Nielsen’s
majorization theorem [2] for LOCC, and is given by Vi-
dal’s theorem [3] for SLOCC. On the other hand, for
infinite dimensional systems (or continuous variable sys-
tems), there are still many open questions on general
LOCC and SLOCC convertibility, although there are im-
portant works [4, 5], which have investigated a limited
class of local operations (gaussian operations).
Infinite dimensional systems have been expected to of-
fer high potential for quantum information processing.
One of the advantages of infinite dimensional systems
is the possibility of implementation using quantum opti-
cal systems, as shown by the successful demonstration of
teleportation [6]. Another advantage is the possibility of
(yet unknown) new types of quantum information pro-
cessing schemes, which do not exist in finite dimensional
systems. If such schemes exists, their existence should
be related to essential properties of quantum systems,
such as entanglement. Thus the discovery of entangle-
ment properties which are unique to infinite dimensional
systems is very desirable.
In a previous paper [7], we proved that Nielsen’s ma-
jorization theorem and Vidal’s theorem can be general-
ized to infinite dimensional states by introducing the con-
cept of ǫ-convertibility. We showed a new classification
of infinite dimensional entangled states based on SLOCC
convertibility by introducing the rapidity of convergence,
which corresponds to Schmidt rank [3] in finite dimen-
sional systems. The classifications obtained are natural
extensions of those for finite dimensional systems, thus
they did not suggest the existence of new entanglement
properties. In this letter, we will show that a new en-
tanglement property in infinite dimensional systems, the
existence of SLOCC incomparable pure bipartite states,
by developing a formulation for convertibility based on
set theoretic ordering properties.
We consider ordering sets, ordered by the convertibility
of two general bipartite quantum states (including infi-
nite dimensional states) under general operations. For
such sets, we can define a pair of monotones of the given
ordering based on set theory. The definition of these
monotones is the core element of our formulation. If these
two monotones coincide, it indicates that the ordering is
a total ordering, namely, at least one of the states can be
converted to another. For the case of finite dimensional
pure states under SLOCC operations, the two monotones
coincide. In contrast, we will show that the two mono-
tones do not always coincide in the infinite dimensional
case. Thus the ordering can be non-total (partial) and
the two states can be incomparable.
In this letter, we first present the construction of the
general formulation. Then, we apply it to infinite dimen-
sional pure states under SLOCC operations. The advan-
tage of our formulation is that it can be applied for many
different situations: single-copy or asymptotic (infinitely
many-copy) cases, for finite or infinite dimensional sys-
tems, mixed or pure states, and under LOCC, SLOCC or
PPT operations. It should be noted that the two mono-
tones become distillable entanglement and concentration
[8] for mixed states in the asymptotic situation, therefore,
they can be considered as a generalization of distillable
entanglement and entanglement cost.
In the language of set theory, convertibility of physical
states under some operation can be describe by an order
denoted by “→”. For a set of physical states S, the order
indicating the existence of physical transformation satis-
fies the reflective law a→ a and the transitive law a→ b
and b → c imply a → c), where a, b, c ∈ S. This or-
dering property is pseudo partial ordering. We consider
that two states are in a same equivalence class, if they
transform each other a → b and b → a. We denote this
situation as a ↔ b. The quotient set of S by the equiv-
alent class ↔ is denoted as (S/ ↔,→) and represents
the classification based on the given transformation. For
the set (S/↔,→), we can redefine the ordering→ which
satisfies the additional condition a→ b and b→ a imply
a = b. This ordering property is partial ordering.
If the set has the additional property a 9 b implies
b → a (a 9 b denotes a → b is not true), the set is to-
tally ordered. Total ordering is a convenient property to
analyze the convertibility of a system, since there exists
a unique measure of ordering for a totally ordered set.
For example, the convertibility of pure state |φ〉 under
LOCC transformation in the asymptotic situation is to-
tal ordering. Therefore, there is a unique measure, or
a monotone, given by the von Neumann entropy of en-
tanglement E(|φ〉) in this case [9]. On the other hand,
a pair of monotones, like distillable entanglement and
entanglement cost, are useful tools to distinguish the or-
dering properties (total ordering or partial ordering) of
the system [10].
The key idea of our formulation is that we consider a
totally ordered subset {ξr} parameterized by a real num-
ber r for a pseudo partial ordering set S. Then we can
always define a pair of functions R−(ψ) and R+(ψ) for a
state ψ ∈ S, where R−(ψ) is the supremum of r at which
ψ can be transformed to ξr, and R
+(ψ) is the infimum
of r at which Ψ can be transformed to ξr. Mathemati-
cally they are expressed as the following: For a pseudo
partial ordering set, if there exists a real parameterized
total ordering subset {ξr}r∈A ⊂ S where A ⊂ R such
that r1 ≤ r2 if and only if ξr1 → ξr2 , we can define a pair
of functions on S to A ⊂ R as
R−(ψ) = sup{r ∈ A|ψ → ξr} (1)
R+(ψ) = inf{r ∈ A|ξr → ψ} (2)
where we define R−(|ψ〉) = inf{A} for {r ∈ A|ψ → ξr} =
∅, and R+(|ψ〉) = sup{A} for {r ∈ A|ξr → ψ} = ∅.
Although there are many ways to define a monotone
for a partial ordering set from a totally ordered subset
{ξr}A, our definition of functions R−(ψ) and R+(ψ) are
preferable for analyzing entanglement convertibility. We
prove by contradiction that they are the unique mono-
tones which give lower and upper bounds of any mono-
tones defined for a given pseudo partial ordered set S.
For simplicity we only show the proofs for the case of A
to be an interval of R in this letter, but the proofs can
easily be extended to an arbitrary subset of R.
First, we show that R−(ψ) and R+(ψ) are monotones
which satisfy R−(ψ) ≤ R+(ψ) for all ψ ∈ S. Suppose
R−(ψ) > R+(ψ), then there exists r1 and r2 such that
R−(ψ) > r2 > r1 > R
+(ψ). Since ξr1 → ψ and ψ → ξr2 ,
ξr1 → ξr2 . This means ξr1 ↔ ξr2 . This contradicts the
totality ordering of {ξr}A, therefore we have R−(ψ) ≤
R+(ψ) for all ψ ∈ ǫ. Next, suppose R−(φ) > R−(ψ) and
ψ → φ, there exists r ∈ A such that R−(φ) > r > R−(ψ).
Then, φ → ξr. Since ψ → φ, we have ψ → ξr. This
contradicts R−(φ) > r, thus we have proved ψ → φ
implies R−(ψ) ≥ R−(φ). Similarly, we can prove ψ → φ
implies R+(ψ) ≥ R+(φ). In addition, suppose R−(φ) >
R+(ψ), then there exists r ∈ A such that R−(φ) > r >
R+(ψ). Since φ→ ξr and ξr → ψ, we have φ→ ψ. Thus
we have proved R+(φ) < R−(ψ) implies ψ → φ.
Second, we show that R−(ψ) and R+(ψ) are lower and
upper bounds of monotones, respectively. Suppose there
was another monotone R0(ψ) defined for a given order-
ing such that ψ → φ implies R0(ψ) ≥ R0(φ) satisfying
R0(ξr) = r for all r ∈ A. If R0(ψ) < R−(ψ), there exists
a real number r ∈ A such that R0(ψ) < r < R−(ψ),
then we obtain ψ → ξr. On the other hands, from
R0(ψ) < r we have ψ 9 ξr by the monotonicity of
R0(ψ). This is also a contradiction. Similarly we can
prove R0(ψ) ≤ R+(ψ). Thus R−(ψ) ≤ R0(ψ) ≤ R+(ψ)
for all ψ ∈ S.
From the properties of R−(ψ) and R+(ψ), we can im-
mediately derive the following important results: If the
quotient set (S/↔,→) is totally ordered, namely, ψ 9 φ
implies φ → ψ is satisfied, then for all ψ ∈ S, we have
R−(ψ) = R+(ψ). On the other hand, if there exists
ψ ∈ S such that R−(ψ) < R+(ψ), then (S/ ↔,→) is
not totaly ordered, and ψ is incomparable to all ξr with
R−(ψ) < r < R+(ψ).
Many important known results of entanglement theory
can be re-derived only from simple ordering properties
and the existence of the real parameterized total order-
ing subset. To demonstrate the power of our formulation,
we apply the formulation to the following four situations
of finite (d) dimensional systems; A. LOCC operation for
pure states in the single copy situation: {|ξk〉}
d
k=1 is the
maximally entangled state in k dimensional systems [12];
B. SLOCC operation for pure states [3]: {|ξk〉}dk=1 is also
the maximally entangled state in k dimensional systems;
C. LOCC operations for pure states in the asymptotic
situation: {|ξs〉}
log
2
d
s=0 is a subset with E(|ξs〉) = s [9, 11];
D. LOCC operations for mixed states in the asymptotic
situation: {|ξs〉 〈ξs|}∞s=0 is a subset of pure states with
E(|ξs〉) = s [8]. We summarize the representation of R−
and R+ for these four situations in Table I. In the situa-
tions A and D, we see that the sets are not totally ordered
and R− (distillable entanglement) and R+ (entanglement
cost) are limits of other monotones [11]. Furthermore for
D, we see that there is a set of states such that R− = 0
but R+ > 0, the bound entangled states [13].
Now we concentrate on the investigation of SLOCC
convertibility (with non-zero probability) of infinite di-
mensional pure states in the single-copy situation. In
general, entanglement of a pure state |a〉 is characterized
by the sequence of Schmidt coefficients {λai } (0 ≤ i ≤ d
and 0 ≤ i ≤ ∞ for finite d and infinite dimensional sys-
tems, respectively). Recall that the corresponding result
2
R+, R−
A R−(|ψ〉) = [log2 λ1], R
+(|ψ〉) = Rd(|ψ〉)
B R−(|ψ〉) = R+(|ψ〉) = Rd(|ψ〉)
C R−(|ψ〉) = R+(|ψ〉) = Ed(|ψ〉) = Ec(|ψ〉) = E(|ψ〉)
D R−(ρ) = Ed(ρ),R
+(ρ) = Ec(ρ)
TABLE I: The monotones R− and R+ for convertibility of
a finite dimensional bipartite state in several different situ-
ations. The description of situations are: A. LOCC, pure
and single copy, B. SLOCC, pure and single copy, C. LOCC,
pure and asymptotic, D. LOCC mixed and asymptotic. In
this table, Rd(|ψ〉) denotes the Schmidt rank, E(|ψ〉) is the
amount of entanglement for pure states, Ed(ρ) and Ec(ρ) are
distillable entanglement and entanglement cost respectively.
for finite dimensional systems is given by B in Table I;
The two monotones coincide with the Schmidt rank, the
number of non-zero Schmidt coefficients (Vidal’s theorem
[3]). With a simple extension of the result obtained for fi-
nite dimensional systems, it is not possible to determine
convertibility between the states with infinite Schmidt
ranks.
Since analysis of convertibility between the “genuine”
infinite dimensional states (with infinite Schmidt ranks)
are our main aim, we adopt Vidal’s theorem to infinite
dimensional systems as following: Theorem 1 (Vidal):
|ψ〉 ∈ H can be converted to |φ〉 ∈ H by SLOCC with
non-zero probability in the single-copy situation if and
only if there exists ǫ > 0, gψ(n)/gφ(n) ≥ ǫ for all n ∈ N ,
where ga(n) =
∑
∞
i=n λ
a
i is a function defined in terms of
Schmidt coefficients {λai }
∞
i=0 of a genuine infinite dimen-
sional state |a〉.
The function ga(n) plays the central role in the con-
struction of the monotones R− and R+ for infinite di-
mensional states. By definition, a sequence of the func-
tion {ga(n)}n∈N satisfies four conditions, (strict) positiv-
ity ga(n) > 0, (strict) monotonicity ga(n) > ga(n + 1),
convexity ga(n + 1) ≤ {ga(n) + ga(n + 2)}/2, and nor-
malization ga(0) = 1. Conversely, for a given sequence of
functions {g(n)}∞n=0, there exist a genuine infinite dimen-
sional state |a〉, where the Schmidt coefficients are give
by λai = g(n)− g(n+1) if and only if {g(n)}n∈N satisfies
the strict positivity, strict monotonicity, convexity and
normalization conditions.
According to Theorem 1, if a real parameterized subset
{|ξr〉}r∈A ⊂ H is totally ordered, gξr (n) must satisfies
limn→∞(gξr1 (n)/gξr2 (n)) > 0 if and only if r1 ≤ r2 for all
r1 and r2. From the property of gξr(n), we can construct
the monotones R− and R+
R−(ψ) = inf{r ∈ A|limn→∞gψ(n)/gξr(n) = 0} (3)
R+(ψ) = inf{r ∈ A|limn→∞gψ(n)/gξr(n) < +∞}.(4)
for all {gξr(n)}r∈A,n∈N satisfying the three conditions:
I. Strict monotonicity for all r ∈ A, II. Convexity for all
r ∈ A and n ∈ N , and III. limn→∞(gξr1 (n)/gξr2(n)) > 0
is equivalent to r1 ≥ r2. The proof is given by the
following: If {gξr(n)}r∈A,n∈N satisfies the conditions I,
II, and III, the corresponding set of states {|ξr〉}r∈A
for {gξr(n)}r∈A,n∈N exists and is totally ordered. Since
A ∈ R is assumed to be an interval, the two functions
R−(ψ) and R+(ψ) defined by Eqs. (1) and (2), can be
represented by Eqs. (3) and (4) by using Theorem 1.
Now we show that there exists a pairs of genuine infi-
nite dimensional states which are incomparable to each
other. We prove that the two monotones R−(|ψ〉) and
R+(ψ) given by Eqs. (3) and (4) do not necessarily coin-
cide with each other for infinite dimensional systems, by
constructing an example.
We consider a twice continuously differentiable func-
tion g(x), which is the continuous counterpart of g(n),
since a continuous function is more convenient for analyt-
ical investigation. The conditions for g(x) to relate to a
genuine infinite dimensional state is now given by g(x) >
0 (strict positivity), g
′
(x) < 0 (strict monotonicity),
g
′′
(x) ≥ 0 (convexity), and g(0) = 1 (normalization), for
all x. If g(x) satisfies the above conditions except the nor-
malization condition, we can easily normalize g(x). Thus
we omit the normalization condition for simplicity. Since
convertibility is determined only by the ratio of func-
tions, we introduce another function d(x), which is given
by d(x) = p(x)g(x). Let d(x) satisfy the same condi-
tions as g(x). Then p(x) > 0, f
′
(x)p(x) + f(x)p
′
(x) < 0,
f
′′
(x)p(x) + 2f
′
(x)p
′
(x) + f(x)p
′′
(x) ≥ 0 and p(1) = 1
are to be satisfied.
Now we set our function to be g(x) = e−x. Our choice
of g(x) represents one of the most tractable genuine infi-
nite dimensional entangled states, the two mode squeezed
state |ψq〉 =
1
cq
∑
∞
n=0 q
n |n〉 ⊗ |n〉, where q is a squeez-
ing parameter. We give a construction of a function d(x)
which indicates the existence of incomparable genuine in-
finite dimensional states. In this case, the conditions for
p(x) become simple, p(x) > 0, p(x) − p
′
(x) > 0, and
p(x)− 2p
′
(x) + p
′′
(x) ≥ 0.
We choose p(x) to be parameterized by r as p(x) =
pr(x) = (log x)
r{sin(log x) + 1} + (log x)−1 where 0 <
r < +∞. We define two functions mr(x) ≡ pr(x) −
p
′
r(x) and cr(x) ≡ pr(x) − 2p
′
r(x) + p
′′
r (x) for evaluating
monotonicity and convexity, respectively. Then we have
mr(x) = {(log x)
1+r − (1 + r)(log x)rx−1}{sin(log x) + 1}
+ (log x)−1 +O((log x)1+rx−1) (5)
cr(x) = {sin(log x) + 1}[(logx)
1+r − 2(1 + r)(log x)rx−1
− (1 + r)x−1{(log x)r − r(log x)r−1}]
+ (log x)−1 +O((log x)1+rx−1) (6)
For all 0 < r1 < r2 < ∞, there exists xr1,r2 > 0
such that mr(x) > 0 and cr(x) ≥ 0 for all x ≥ xr1,r2 ,
and r ∈ [r1, r2]. That is, the function pr(x + xr1,r2) sat-
isfies the positivity, monotonicity and convexity condi-
tions. Therefore we can consider a state |ξr〉 represented
by the function dr(x) = pr(x + xr1,r2)g(x). The ratio of
the functions g(x)/dr(x) = 1/pr(x + xr1,r2) determines
convertibility between the two states |ψq〉 and |ξr〉. To
evaluate the ratio, we rewrite pr(x + xr1,r2) in the dis-
3
crete form: pr(n
′) = pr(∆n+ xr1,r2) where ∆ = − log q.
Then we can easily show that limn→∞1/pr(n) = 0
and limn→∞1/pr(n) = ∞. Defining R− and R+ from
{|ξr〉}r∈(r1,r2), we obtain R
−(ψ) = r1 and R
+(ψ) = r2.
The two states |ψ〉 and |ξr〉 for all r ∈ [r1, r2] are now
shown to be incomparable under SLOCC.
The state which corresponds to the function d(x) in
our example may not be feasible to create with present
technology. However we can show the existence of incom-
parable states by choosing other forms of the function for
p(x), if g(x) is a function converging as fast as or faster
than exponential functions. Since the conditions for in-
comparable states are not related to the Schmidt basis,
we can choose a Schmidt basis which is easy to control
in experiments. We still have the possibility to find more
feasible incomparable states.
Another point related to feasibility in the laboratories
is that our functions R−(|ψ〉) and R+(|ψ〉) are discontin-
uous for the usual topology of Hilbert space. This dis-
continuity is caused by the discontinuity of the SLOCC
convertibility itself. Since we cannot completely deter-
mine Schmidt coefficients of the states in realistic situ-
ations, we cannot apply our discussion immediately to
such situations. However, we can say that the maximum
probability to convert |ψ′〉 where ‖ |ψ〉 − |ψ′〉 ‖ < ǫ for
small ǫ to |φ〉 and the probability of the inverse process
are both very small, if |ψ〉 and |φ〉 are incomparable un-
der SLOCC, because the maximum probability of con-
vertibility under SLOCC itself is continuous. In other
words, this incomparability-like property appears in the
limit of large dimensional space.
In this paper, we have developed a general formula-
tion for constructing a pair of convertibility monotones
using order properties. The monotones are considered
as generalizations of distillable entanglement and entan-
glement cost. This formulation can be applied to many
different situations to analyze entanglement convertibil-
ity. We have applied the formulation to SLOCC convert-
ibility for genuine infinite dimensional pure states in the
single-copy situation. By constructing an example, we
have proved the existence of SLOCC incomparable pure
bipartite states, a new property of entanglement in infi-
nite dimensional systems. In contrast, incomparable pure
states only exists for multipartite systems (such as GHZ
and W states for three qubit states) in finite dimensional
systems.
One of the important remarks in this letter is that the
ordering property under SLOCC convertibility is changed
fundamentally, from total ordering to non-total (partial)
ordering, with the shift in dimensionality from finite to
infinite. It had been widely believed that the fundamen-
tal entanglement properties of finite and infinite dimen-
sional systems are similar. However, we have shown that
there exists a significant difference in convertibility. Our
result encourages the search for other fundamental dif-
ferences between finite or infinite dimensional systems.
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